We suggest a formalism to illustrate the entanglement of identical particles in the first quantization language. The newly constructed method to the entanglement of identical particles in this work enables one to exploit all the well-established quantum information tools to understand the indistinguishable ones, including the reduced density matrix and familiar entanglement measures. The rigorous quantitative relation between the amount of entanglement and the spatial coherence of particles is possible in this formalism. Our entanglement detection process is a generalization of the entanglement extraction protocol for identical particles with mode splitting proposed by Killoran et al. (2014) .
We suggest a formalism to illustrate the entanglement of identical particles in the first quantization language. The newly constructed method to the entanglement of identical particles in this work enables one to exploit all the well-established quantum information tools to understand the indistinguishable ones, including the reduced density matrix and familiar entanglement measures. The rigorous quantitative relation between the amount of entanglement and the spatial coherence of particles is possible in this formalism. Our entanglement detection process is a generalization of the entanglement extraction protocol for identical particles with mode splitting proposed by Killoran et al. (2014) .
I. INTRODUCTION
Entanglement is a fundamental quantum feature that cannot be imitated by classical systems, and also works as a useful informational resource. Entanglement causes EPR [1] and Bell [2] paradoxes that reveal the non-local property of quantum systems, and enables several quantum tasks such as quantum teleportation [3] and many quantum algorithms [4] . There is a consensus that the entanglement is based on the superposition of distinctive multipartite states [5] .
On the other hand, it arises confusion to apply this interpretation of the entanglement to the entanglement for identical particles. A set of identical particles satisfies the symmetrization principle [6] , which is represented as the exchange symmetry of the corresponding wave function among the particles in the first quantization language (1QL). This symmetrization results in the superposition of multipartite states. Just focusing on the mathematical structure of the states, one could assume that the particles are strongly entangled [7, 8] . However, since the particle indistinguishability prevents any observer from addressing the individual particles, it is meaningless to discuss the entanglement of the total system by taking the particles as subsystems. Many works claim that such entanglement is just a mathematical artifact that is unphysical and useless (not a quantum resource) [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . A common viewpoint of these works is that the particle labels in 1QL, which are unphysical for the case of identical particles, cause the confusion. Hence, to see whether there exists realistic and useful entanglement that comes from the particle indistinguishability, we should be able to discard the unphysical entanglement (a mathematical illusion) from the physical one.
One possible attempt is to play in the second quantization language (2QL, a mode-based approach) [22] [23] [24] [25] [26] [27] , * sbthesy@gmail.com † joonsukhuh@gmail.com which only involves mode creation operators without signifying the individual particle labels. The separability in 2QL is related to commuting algebras of observables, instead of the Hilbert space tensor structure. Quantities such as the negativity and robustness of entanglement are suggested as criterions for discriminating the separability of given states. Recently, an unorthodox approach is suggested [28] [29] [30] [31] [32] [33] , which is named the non-standard approach (NSA) by the authors. It is a particle-based language (similar to 1QL), however without imposing pseudo-labels to the particles (similar to the 1QL). It provides a tool to identify the quantitative relation between the spatial overlap of identical particles and entanglement. With NSA, one can define the partial trace of particle states [28] and Schmidt-decompose the states universally [29] , with which we can define familiar entanglement measures such as von Neumann entropy and concurrence (a recent work showed that this NSA can be recovered in 2QL [34] ). In this paper, we show that 1QL approach can accomplish the same tasks as the former approaches (and more), by extending the symmetrization principle to subsystems that involves some part of the whole particles. With the symmetrized partial trace (a partial trace for identical particles), we can define the reduced density matrix for respective subsystems and familiar entanglement measures such as von Neumann entropy. By using 1QL, we can exploit many familiar concepts in quantum information, e.g., coherence, to quantitatively understand the entanglement generation process of identical particles. Our formalism also enables us to interpret the entanglement extraction protocol of identical particles suggested in Ref. [35] in a more generalized viewpoint. The authors of Ref. [35] showed that the particle-based symmetrization entanglement can be extracted (or transferred) to the mode entanglement, which is a useful resource for quantum information tasks (a fermionic example of this type of protocol can be found in Ref. [36] ). The case discussed in Ref. [35] is restricted to completely overlapping identical particles with internal pseudospins in space. Here we treat more generalized situations when particles are partially overlapping. Our result shows that the spatial coherence of identical particles is a necessary (but not sufficient) condition for the particles to possess detectable entanglement. Theorem 1 of Section III clarifies the conditions for the spatial coherence of identical particles and the location of detectors to extract the entanglement of identical particles.
This work is organized as follows: Section II introduces a 1QL formalism for the entanglement of identical particles with internal degrees of freedom. By defining the partial trace of multipartite systems for the case of identical particles, we can quantify the amount of the entanglement. In Section III, we show that spatial coherence is an imperative element for a given set of identical particles with internal pseudo-spins to be entangled. Here the computational basis of spatial coherence is determined by the distinguishable detectors, which compose the bipartite entangled systems. Two simplest but informative examples (N = 2 and N = 3) are also analyzed in Section IV. In Section V, we reinterpret the entanglement extraction protocol by mode splitting proposed by Killoran et al. [35] using our formalism. We can state that our formalism is a more generalized case of that in Ref. [35] . In Section VI, we summarize our discussion and suggest some possible researches in the future.
II. 1QL FORMALISM FOR THE ENTANGLEMENT OF IDENTICAL PARTICLES
We can find the key requirements for the definition of the entanglement of identical particles in Ref. [37] . First, the subsystems are distinguishable from each other (individually accessible by physical observers). Second, measurements are made on the subsystems. Third, the subsystems can exist as separate quantum systems (hence the symmetrization of particle states itself does not correspond to an actual entanglement, since it prohibits any form of separable states except when all particles are in the same state). Only when these conditions are satisfied, we can state the entanglement is physical. And since modes are distinguishable and particles are not, a mode (or a collection of modes) can be a subsystem for our case, not particles.
The above requirements seem to imply that 2QL is more suitable for the entanglement of identical particles than 1QL since 2QL indicates only modes but not individual particles. On the other hand, it is usually considered that the pseudo-labels of particles accompanied by 1QL scramble the physical and fictitious entanglements. However, as we will show in this section, it is possible to illustrate the physical entanglement of identical particles with 1QL. Besides, once it is achieved, the quantification of entanglement with the reduced density matrix for one subsystem is also possible, as in NSA [28, 29] . This implies that, by staying in 1QL, one can exploit the FIG. 1. N identical particles which are devided into two subsystems P and Q. An observer in P can know that n identical particles have states (Ψ1, · · · , Ψn), and one in Q can know that (N − n) identical particles have states (Ψn+1, · · · , ΨN ) well-established entanglement formalism of distinguishable particles to analyze the case of indistinguishable particles.
Let us consider N instinguishable bosons contained in a physical system (when we state that some particles are in a physical system, it implies that the particles have potential to be detected by all the observers who can classically communicate with each other). In 1QL, the wavefunction of a particle with pseudolabel A with a state Ψ contained in the system is decribed by |Ψ A , where Ψ includes information on the spatial distribution ψ and internal state of the particles s, i.e., Ψ = (ψ, s). Then the transition amplitude of |Ψ A is given by
The total state of N identical particles with pseudolabels A a (a = 1, . . . , N ) and states Ψ i (i = 1, . . . , N ) is described as follows:
where the summation is over all possible permutations σ, which represents the exchange symmetry among particles. N N (ν) is the normalization factor that depends on the number of particles that are in the same state. More specifically, when
N N (ν) is written as
Using Eq. (1) and (2), it is direct to see that the transition amplitude from |Ψ 1 , · · · , Ψ N to |Φ 1 , · · · , Φ N is given by
By defining a matrix A so that its entries are imposed as
where 'perm' represents the matrix permanent (for the case of fermions, Eq. (2) experiences sign changes in the summation along the degree of permutation, hence the transition amplitude is proportional to the matrix determinant of A). It is slightly subtle to consider the states of subsystems that contain n (≤ N ) identical particles (see Fig.  1 ). While the particle states can be identified, e.g., as (Ψ 1 , . . . , Ψ n ), no detector in a subsystem can address the individual particles. Hence, the partial wavefunction |Ψ 1 , · · · , Ψ n for the subsystem also should be symmetrized with respect to the particle labels. We can achieve the symmetric states by arranging the wavefuctions in the form of elementary symmetric polynomials, i.e.,
where 1 ≤ a p ≤ N for all p = 1, · · · , n.
For example, when n = 1, the wavefunction is a simple summation over all pseudolabeled particles,
When n = 2 and N = 3, we have
where N [2] 
Eq. (7) renders us to define the symmetrized partial trace of a given density marix ρ over a subsystem S with n identical particles. If the identity matrix for S is expressed with
({|Φ a 1 , · · · , Φ a n } a composes the complete symmetric computational basis set for the subsystem S), so that it satisfies I S |Ψ 1 , · · · , Ψ N = |Ψ 1 , · · · , Ψ N , the symmetrized partial trace over S is defined by
Even if Eq. (11) is defined with pure states of identical particles, the extension of the argument so far to a mixed state case ρ = a ψ a |Ψ a Ψ a | is straightforward.
With the reduced density matrix (11) we can evaluate the amount of entanglement, e.g., by defining von Neumann entropy. It is also not very hard to show that the symmetrized states Eq. (2) and Eq. (7) are equivalent to the label-absent holistic particle states defined in NSA [31] .
One can understand the symmetrized partial trace from the viewpoint of Hopf algebra in the N -particle Hilbert space. It was argued in Ref. [38, 39] that the partial trace method for delving into the entanglement of distinguishable particles is not applicable to the entanglement of indistinguishable particles, for partial traces on a specific Hilbert space is not equivalent to restrictions to subalgebras of obsevables on the totally symmetrized Hilbert space. However, by symmetrizing the observables, we can see that the symmetrized partial traces correspond to restrictions to subalgebras [40] . Now we check whether the entanglement we have discussed satisfies the three conditions mentioned at the beginning of this section. First, the whole state |Ψ 1 , · · · , Ψ N is divided into two systems that contain n and (N − n) identical particles respectively, which are distinguishable by the spatial distribution and the detectable quantum states. Second, the choice of I S (Eq. (10)) depends on our way of measurement, therefore susceptible to measurements. Third, the subsystems can exist as separate systems when the reduced density matrix Eq. (11) has only one nonzero eigenvalue.
We have shown so far that all known flaws of 1QL when analyzing the entanglement of identical particles can be overcome by defining symmetrized subsystem states as Eq. (7) . Therefore, we can evaluate the entanglement of a given set of identical particles without using NSA [31] , examining the time evolution of the particles as well. We can see that in the first quantization approach every algebra we need is derived directly from the symmetrized particle states themselves without any extra definition. Another important advantage of the first quantization approach is that the exchange symmetry of bosons and fermions naturally can be extended to a more generalized case, i.e., a mixture of symmetry and antisymmetry among different particles. While the transition amplitudes of bosons and fermions are expressed as matrix permanents (Eq. (6)) and determinants, it is possible to consider particles whose transition amplitudes are proportional to immanants. Such kind of particles are named immanons [41] . We expect to apply the discussion in the current section to understanding the correlation of immanons in the future.
III. FROM SPATIAL COHERENCE TO THE BIPARTITE ENTANGLEMENT OF IDENTICAL PARTICLES
It is widely admitted that a set of non-interacting identical particles can generate entanglement only after their spatial wave functions overlap [28, 29, 35, 42] ("No quantum prediction, referring to an atom located in our laboratory, is affected by the mere presence of similar atoms in remote parts of the universe [43] "). An interesting thought experiment that clarifies this point is given in Section II of Ref. [31] . However, as we will show in this section, a mere spatial overlap among identical particles is not a prerequisite for the entanglement, for it cannot identify the relation of particles with detectors [44].
Here we show how the spatial overlap of particles with two separate detectors determines the amount of bipartite entanglement, based on the method developed in the former section. The locations of two detectors define the computational basis for the spatial coherence of identical particles. We present a rigorous condition for the state to be entangled along the variation of spatial coherence.
Our focus is on N identical bosons with pseudospin up and down, which can be applied to the Bose-Einstein condensation (BEC) of cold atoms or scattering of photons with polarizations (we can compare our results with those of Ref. [35] and Ref. [32] in this septup). Supposing among N bosons n particles are in pseudospin up (↑) and (N − n) are in pseudospin down (↓), the total wave function is given by
where ψ j (1 ≤ j ≤ N ) are the spatial wave functions for the particles (note that from Eq. (2) an wave function written in this form is symmetrized). The particles can be detected (spatially overlapped) by detector L, or by detector R, or not detected by both (see Fig. 2 ). Hence, we express each spatial wave function |ψ j in the most general form as
where 0 ≤ θ j , φ j ≤ π/2, L|R = 0 (two detectors are far enough to be distinguished) and |χ j are orthogonal to both |L and |R . It is easy to see that the angles φ j and θ j determine the probabilities that the particle arrives at L, or at R, or does not arrive at all. Then the spatial overlap between two states |ψ j and |ψ k are quantified as
Note that ψ j and ψ k can overlap even when the corresponding particles arrive at neither of the detectors L and R (φ j = φ k = 0). For this case, it is absurd to discuss the entanglement of the particles between modes L and R. Therefore, we can see that the spatial overlap itself is not directly related to the entanglement of identical particles. Instead, we focus on the relation of particles with detectors, which can be describe with the coherence of the particles in the computational basis set {|L , |R }. Since the values of φ j do not affect the physical state by the normalization after the projection, we can set φ j = π/2 without loss of generality and |ψ j = cos θ j |L + e iωj sin θ j |R .
And the density matrix ρ j for the state |ψ j is given by ρ j = cos 2 θ j e iωj cos θ j sin θ j e −iωj cos θ j sin θ j sin 2 θ j .
Then the amount of coherence C j for |ψ j is evaluated by the off-diagonal elements [45] . For our case, ρ j has only one independent element, C j can be directly defined as
(if |ψ j has more than two bases, we need to define some scalar quantities to evaluate the amount of coherence according to the axioms for coherence measures and monotones. See, e.g., Ref. [46] ). C j is normalized so that 0 ≤ C j ≤ 1. Note that C j = 0 when θ j = 0 or π/2, and C j = 1 when θ j = π/4. One common property of entanglement of identical particles and coherence is that they are both basisdependent (detector dependent), which is an indirect evidence that two quantites are closely related. 
(|Φ αβ is defined in a form that preserves the particle number of spin up and down). Then the projected state by the detectors is given with Eq. (6) by
where A αβ is a N × N matrix whose entries are given by (A αβ ) jk = Φ αβ j |Ψ k . We have introduced |Φ q so as to group the projected states into those which have equal particle number distributions between two systems, to regard the particle number superselection rule [47] . Using L|ψ j = cos θ j and R|ψ j = e iωj sin θ j , A αβ is expressed in the matrix form as
To obtain the entanglement of |Φ q , we need to partial trace |Ψ q Ψ q | over the identity matrix I q L of the subsystem L with
Then from the obtained reduced density matrix ρ q R = tr L (I q L |Ψ q Ψ q |), we can compute the amount of the entanglement for |Φ q , which we denote as E(Φ q ). The average entanglement of |Ψ LR can be evaluated as
This is the entanglement of particles defined in Ref. [47] , of which the local operations in L and R are performed by two detectors after measuring (postselecting) the particle numbers [48] (the name "entanglement of particles" means that it is about the correlation among modes with the equal particle number distribution, not taking unaccesible individual particles as subsystem). The spatial coherence Eq. (17) determines whether a given state of identical bosons is entangled or separable, which can be stated as the following theorem: Theorem 1. (Spatial coherence criterion for entanglement) Consider the case when an N identical particle state |Ψ = |Ψ 1 , Ψ 2 , . . . , Ψ N = |ψ 1 ↑, . . . , ψ n ↑, ψ n+1 ↓ , . . . , ψ N ↓ is detected by two detectors |L and |R that locate far enough to each other, i.e., L|R = 0. Then if the spatial coherence of idential bosons satisfy C 1 = C 2 = · · · = C n = 0 or C n+1 = C n+2 = · · · = C N = 0, the projected state is separable.
Proof. What we need to prove is that for all pairs of (α, β) that satisfy α + β = q, only one pair has nonzero perm(A αβ ), which corresponds to the separable state. Since a matrix permanant is invariant under the exchange of rows, we can write
First consider C j = 2 sin θ j cos θ j = 0 for 1 ≤ j ≤ n. This condition restricts the form of X n×n so that the absolute values of the elements become 0 or 1. Suppose the permanant is nonzero when α = x. Then since a matrix permanant is invariant under the exchange of rows, without loss of generality we can set the matrix X n×n as
where (1 x×x ) jk = 1 and (Ω (n−x)×(n−x) ) jk = e iωj for all j and k. Then for the fixed values of cos θ j and sin θ j (1 ≤ j ≤ n), it is direct to see that the matrix permanant is zero for all α = x + a (a = 0). This means that for a given q, there exists only one (α, β) that contributes a nonzero amplitude. Therefore, the quantum state is separable. Setting C j = 2 sin θ j cos θ j = 0 for n+1 ≤ j ≤ N affects the form of Y (N −n)×(N −n) , which also result in a separable quantum state.
Note that the inverse is not true, i.e., not all separable states have the spatial coherence with the above restrictions. It is because the phases ω j (j = 1, · · · , N ) can also affect the amount of entanglement. We can find such an example for N = 3 case, which will be discussed in Section IV.
IV. THE SIMPLEST NONTRIVIAL EXAMPLES
In this section we study two simplest but nontrivial cases (N = 2 and 3), with which one can understand the physical implications of Theorem 1 more concretely.
First we analyze the simplest case, i.e., two bosons with internal pseudospin. Suppose we have two identical bosons, one of which is initially in a spatial state ψ 1 with spin up and the other is in a spatial state ψ 2 with spin down, i.e., Ψ 1 = (ψ 1 ↑) and Ψ 2 = (ψ 2 ↓) (it is trivial to see that two particles in the same internal spin has no entanglement). Then the total wave function is given by
( Fig. 3) . To see the entanglement of this state, we prepare two detectors located distinctively, i.e., one is at a spatial region L and the other is at R with L|R = 0. Then using Eq. (20) , the projected state is given by
Taking the partial trace with I 1 L = |L ↑ L ↑ | + |L ↓ L ↓ | over L, the reduced density matrix ρ 1 R is given by
(the exact same form of reduce density matrix is also obtained in Ref. [32] using NSA). We can obtain entaglement measures with ρ 1 L . e.g., von Neumann entropy (= − i λ 2 i log 2 (λ 2 i )) or entanglement concurrence (= 2λ 1 λ 2 ). Therefore, for both λ 1 and λ 2 not to be zero (which corresponds to the entangled state), the two detectors must locate in the overlapped region of the two particles (as in Fig. 3 ). The transformed state |Ψ 1 , Ψ 2 possesses both indistinguishability and coherence, by which we can obtain non-trivial entanglement of particle now. This kind of entanglement can be used as a resource of quantum teleportation and bell inequality violation [32, 42] .
Moreover, for this simplest case, the coherence of two spatial distributions ψ 1 and ψ 2 determine the amount of entanglement completely, i.e., independent of ω 1 and ω 2 . We choose concurrence as the entanglement measure for now. Indeed, with Eq. (22), the average concurrence is written with C j as E c (|Ψ LR ) = cos θ 1 sin θ 1 cos θ 2 sin θ 2
Therefore the amount of entanglement for N = 2 is completely determined by C 1 and C 2 . E c (|Ψ LR ) has the maximal value when C 1 = C 2 = 1. Eq. (26) shows that the entanglement of particles vanishes if one of the coherences vanishes, which agrees with Theorem 1. This means that even if two identical particles are spatially overlapped, we cannot extract the entanglement by pos-ing one detector out of the overlapped region.
Now we move on to the 3 particle state, of which the only nontrivial pseudospin distribution is given by
As we will see, this is the simplest case that other than spatial coherence the relative phases affect the amount of entanglement. Using Eq. (20) , we can see that the nonzero A αβ are (A 21 , A 20 , A 11 , A 01 , A 10 , A 00 ). The permanant of those matrices are given by perm(A 21 ) = 2 cos θ 1 cos θ 2 cos θ 3 , perm(A 20 ) = 2e iω3 cos θ 1 cos θ 2 sin θ 3 , perm(A 11 ) = (e iω2 cos θ 1 sin θ 2 + e iω1 sin θ 1 cos θ 2 ) cos θ 3 , perm(A 01 ) = 2e i(ω1+ω2) sin θ 1 sin θ 2 cos θ 3 , perm(A 10 ) = e iω3 (e iω1 sin θ 1 cos θ 2 + e iω2 cos θ 1 sin θ 2 ) sin θ 3 ,
Therefore, |Ψ LR is given by
(note that this is not normalized).
We again choose concurrence as the entanglement measure. Considering that |s 1 , s 2 (s 1 , s 2 = 1, 2) construct a triplet, the concurrence can be computed using Eq. (12) of Ref. [49] . From Eq. (22) , the average concurrence E c (|Ψ LR ) = q p q E c (Ψ q ) is given by E c (|Ψ LR ) =(cos 2 θ 1 sin 2 θ 2 + sin 2 θ 1 cos 2 θ 2 + 2 cos(ω 1 − ω 2 ) cos θ 1 sin θ 1 cos θ 2 sin θ 2 )
where N (θ, ω) is a constant for normalizing Eq. (28). Using Eq. (17), the above equation is rewritten as
(± in the first parenthesis and ∓ in the second parenthesis are determined by the relative region of θ 1 and θ 2 . In other words, (+, −)-sign is when both θ 1 and θ 2 are larger or smaller than π/4 and (−, +) is when θ 1 is larger than π/4 and θ 2 is smaller than π/4 (or the other way around)).
It is insightful to compare the above result with Theorem 1. As stated in the theorm, if C 1 = C 2 = 0 or C 3 = 0, the detected entanglement E c (Ψ LR ) is zero. On the other hand, we can easily find a counterexample which shows that the inverse is not true, for the role of relative phases ω j are not trival now. As such an example, suppose that C 1 = C 2 = 1 = 0 and C 3 = 0. For this case, the total state can still be unentangled when ω 1 − ω 2 = π is satisfied.
V. REINTERPRETING THE ENTANGLEMENT EXTRACTION PROTOCOL IN REF. [35] Among various approaches to the entanglement of identical particles, Cavalcanti et al. [36] and Killoran et al. [35] proposed an interesting viewpoint to match the entanglement by the symmterization of particles (based on 1QL) and the mode entanglement (based on 2QL). In this section we review the viewpoint and method of Ref. [35] (which focused on the bosonic case) and show that our entanglement detection process discussed so far is a generalization of the work.
As we have mentioned in Section II, Eq.
(2) has a mathematically equivalent form with entangled states. Let us consider N photons in the same mode with internal pseudospins. With n particles in spin up and (N − n) particles in spin down, the state is written with Eq. (12) as
where the spatial wave function ψ is abbreviated from the second line. Then we can arbitrarily group the N particles into two subsystems (X, Y ), in which X (Y ) has N X (N Y ) particles with pseudolabels A 1 , · · · , A N X (A N X +1 , · · · , A N ). Along with this bipartition, Eq. (31) can be rewritten as
where |v n X =| ↑ A1 · · · | ↑ An X | ↓ An X +1 · · · | ↓ A N X . This is a Schmidt decomposed form of a bipartite quantum state, with coefficients λ n X ,n Y = N X n X N Y n Y / N n . Now this state is split into two different modes |L and |R , so that ψ evolves into |ψ → |ψ = r|L + s|R . (|r| 2 + |s| 2 = 1)
This mode splitting process in optics is a beam splitter transformation, and in Bose-Einstein condensation (BEC) a tunneling operation (this process is represented pictorially as Fig. 4 . The input mode is locally in position ψ, in which N identical particles overlap with internal pseudospins). Then for the transformed state, after projection onto local particle numbers (N L , N R ) = (N X , N Y ), the Schmidt form of the input state is equal to that of the projected output state (the Schmidt equivalence of particle and mode states [35] ). For example, 3 identical particle initial state with two of them in spin up and one in spin down is given by
Suppose we allot particles 1 and 2 in X and particle 3 in Y . Then Eq. (34) is rewritten as
The equation has a Schmidt decomposed form with coefficients (λ 2,0 , λ 1,1 ) = ( 1/3, 2/3). The output state after a mode splitting is easily obtained using Eq. (28). By setting θ i = θ and ω i = ω in Eq. (28), the output state |Ψ o is given by 
which is equivalent to Eq. (2) of Ref. [35] . For (N L , L R ) = (2, 1) or (1, 2), we have (λ 2,0 , λ 1,1 ) = ( 1/3, 2/3) (the same Schmidt coefficients with those of Eq. (35)). Killoran et al. [35] understood this isomorphism as the mapping of the input particle entanglement into the output mode entanglement. This interpretation implies that the entanglement of identical particles by exchange symmetry can be extracted by passive mode splittings. In other words, the mathematical entanglement structure of many bosons is accessible with distinguishable mode subsystems. This isomorphism can be restated with N identical bosons that completely overlap in space and two distinguishable detectors |L and |R ( Fig. 5) : if the relation between the spatial wave fuction of particles and two detectors are given by |ψ = r|L + s|R (|r| 2 + |s| 2 = 1), there exists Schmidt equivalence of a symmetrized particle state in 1QL and a mode state in 2QL. It is easy to see that this isomorphism is disrupted when the particles just partially overlaps. For example, Eq. (28) does not keep the input Schmidt decomposed form in general (when ψ i are not equal to each other).
VI. CONCLUSIONS
In this work, we formalized the first quantization approach to describe the bipartite entanglement of identical particles and proposed a criterion for unentangled states when the identical particles are spatially coherent. When N = 2 the amount of entanglement is completely determined by coherence, and when N ≥ 3 the relative phases also affect the entanglement. We also reinterpreted the entanglement extraction protocol of identical particles [35] from the viewpoint of the detector location and showed that it is a particular case when the identical particles completely overlap in space.
Even if our current analysis focused on bipartite correlations, it can be extended to more general multipartite cases. We expect the quantitative method suggested here would apply to many quantum processes in which the entanglement of identical particles plays a central role. For example, the spin squeezing test for entanglement has remained in a qualitative domain so far [50] , which would be understood better with our method containing the relation of entanglement and spatial coherence. Also, 1QL we formalized here can be applied to understanding the correlation of identical immanons [41] (the particles of which the scattering amplitudes are proportional to immanants, not permanents (bosons) or determinants (fermions)).
